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Inverse Problems

General Linear Problem:

⇥

Signal
Prior Model?

Projection Matrix
• iid Random ? 
• Underdetermined? 
• Low Rank? 
• Sparse?

Channel
•Corruption 
•Information Loss 
•Noise Model?

Measurements
Observed Data

(N ⇥ 1)(M ⇥N) (M ⇥ 1)

y = g (Fx)

gF x

y



Ex: Compressed Sensing

CS Problem: How do we obtain x from y and F knowing 
g = AWGN & x is K-Sparse?

x̂ = argmin
x

||x||0 s.t. ||y � Fx||22  ✏

x̂ = argmin
x

||y � Fx||22 + �||x||1 (LASSO)

(Greedy)

(MMSE)

(MAP)ˆ

x = argmax

x

P (x|y, F )

x̂ = E[x] =
Z

dx x P (x|y, F )

y = Fx+w wµ ⇠ N (0,�)

Deterministic

Probabilistic



An Unwieldy Posterior
Full Posterior
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Oh Buddy, That Partition…

“Sparse” Bernoulli-Gaussain
P0(xi) = (1� ⇢)�(xi) + ⇢�(xi)

L1/Laplace
P0(xi) / exp {�|xi|}

AWGN Noise 
Variance



Graphical Model for Factorization

Variables
Coefficients

Factors
Measurements

Factors
Prior

x1

x2

x3

xN

y1, F1

y2, F2

yM , FM

P0

mi!µ(xi)
PDFs

Variable to Factor Messages Factor to Variable Messages

Variables
Coefficients

Factors
Measurements

Factors
Prior

x1

x2

x3

xN

y1, F1

y2, F2

yM , FM

P0

mµ!i(xi)
PDFs

Goal: Produce 

P (xi) / P0(xi)
Y

µ

mµ!i(xi)



Relaxed BP
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Parallel Edge Iteration

f1 f2ai!µ vi!µ

ai vi

{Aµ!i, Bµ!i}

MMSE Signal Reconstruction!

ai!µ =

Z
dxi xi mi!µ(xi) vi!µ =

Z
dxi x

2
i mi!µ(xi)� a

2
i!µ



r-BP Transition Performance

• Gaussian iid F 
• x is K-sparse 
• Very Low Noise

Eas
y C

orner

Hard
 Corner

P0(xi) = (1� ⇢)�(xi) + ⇢�(xi)

P0(xi) / exp {�|xi|}



r-BP to AMP via TAP
TAP Intuition (Extended Mean-Field)
If F is not sparse and if its entries scale O(1/√N), then 
message means and variances are nearly independent of 
any single edge message in the limit N→∞.

{ai, vi} {!µ, Vµ}

N M

{!µ, Vµ}{ai, vi}

N M

Big Savings: Compute Burden O(↵N2) ! O((1 + ↵)N)



Breaking AMP & r-BP

Fµi ⇠ N
✓

�

N
,
1

N

◆

N = 2048
� = 10�8

↵ = 0.4
⇢0 = 0.1
� ⇠ N (0, 1)

The Big Obstacle
AMP diverges when F strays from zero-mean Gaussian iid !

To Infinity!

Adding a slight mean



AMP Divergence Sparse M
atrices

Low-Rank Matrices
Super-resolution

Debluring & Deconvolution

Everything Cool

Feature Selection



Some Approaches…

F as a random matrix 
ensemble in Free Probability. 
➡ Restricted to random matrices.

Slow FPI, force minimization 
of Bethe Free Energy*. 

➡ Requires cost calculation (non-
trivial) at each iteration.

* Krzakala et al, Variational Free Energies for Compressed Sensing, 2014.



Sequential r-BP Update

Why does parallel update fail?
CZK2014: Solution path can absorb small amounts of 
instability in the parallel update…but too much prevents 
convergence!

Fµ,i ⇠ N
✓
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N
,
1

N

◆



Sequential r-BP Update

from Caltagirone et al, On Convergence of Approximate Message Passing, 2014.

Updating one random edge at a time…



Our Proposal: Swept AMP (SwAMP)
Idea: 
Apply TAP to Sequential r-BP

{!µ, Vµ}{ai, vi}

{!µ, Vµ}{ai, vi}

{!µ, Vµ}{ai, vi}

Trick: Convergent Alg. requires 
re-derivation of time indices!



Case I: Non-zero Mean
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Case I: Non-zero Mean

0 5 10 15
AMP iter.

0.00

0.05

0.10

0.15

M
S

E
at

ite
r.

� = 1.8

� = 2.0

� = 2.4

0 5 10 15
SwAMP iter.

0.00

0.05

0.10

0.15
� = 10

� = 30

� = 50

0 60 120 180
�

10�1

10�3

10�5

10�7

10�9

fin
al

M
S

E

L1
SwAMP

Fµ,i ⇠ N
✓

�

N
,
1

N

◆N = 104

⇢ = 0.2

↵ = 0.5

� = 10�8



Case II: Correlations & Low Rank

0 5 10 15
AMP iter.

0.00

0.15

0.30

0.45

M
S

E
at

ite
r.

⌘ = 1

⌘ = 3

⌘ = 5

0 20 40 60
SwAMP iter.

0.00

0.05

0.10

0.15
⌘ = 0.5

⌘ = 0.7

⌘ = 0.9

0.4 0.6 0.8 1.0
⌘

10�1

10�3

10�5

10�7

10�9

av
er

ag
e

M
S

E

BPDN
adalasso
`p (p = 0.5)
SwAMP

N = 103

⇢ = 0.2

↵ = 0.6

� = 10�8

F =
1

N
PQ

Pµk, Qki ⇠ N (0, 1)

P : M ⇥R, Q : R⇥N, R , ⌘N



Case II: Correlations & Low Rank
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Case III: Group Testing

Sparse Matrices
Works for  
group testing, too! 

Fµi 2 {0, 1}X

i

Fµi = 7

� ⇠ �(x� 1)

xi 2 {0, 1}



Case III: Group Testing
Performance Impact: not so bad!



Case IV: One-bit CS
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SwAMP

Sequential Approach to AMP
✓ Avoids divergence in many cases 
✓ Works even with TAP assumptions explicitly violated 
➡Some cost in efficiency over parallel AMP

Open Questions
๏ What is the set of problems for which it doesn’t work? 
๏ Is parallel FP-iteration doomed for wide class of problems 

w/o fundamental changes (i.e. S-AMP) ?



Questions?

Thanks!

Available Online ! Try it out !
+ https://github.com/eric-tramel/SwAMP-Demo

SPHINX @ENS
Statistical PHysics of INformaiton eXtraction 
«ou» 
Statistical PHysics of INverse compleX sysems

https://github.com/eric-tramel/SwAMP-Demo


Sum-Product AMP Algorithm
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In Its Totality…




